Section 3
CSCI E-22

Will Begin Shortly

Big O notation

e Constant multipliers do not “affect” big O
o 600n? and 0.00005n? are both O(n?)

e Lower order terms do not “affect” big O
o 2"+ n'% s still O(2")

e General ordering of functions, from slowest-growing to fastest:
o 0O(1)<O(log n) < O(n) < O(nlog n) < O(n?) < O(n*) < O (¢") < O(n')
¢ > 1, k> 2 constant




Matrix multiplication

e Fortwo n x n matrices A and B, the product C is another n x n matrix where each
element is obtained by multiplying elements of A row-wise with B column-wise,
adding up the individual products:

A col 1 B col 1 C
80,0|90,1|%02|%0,3|F04 bo,o b0,1 bo,z b0,3 b0,4 C0,0|C0,1[C0,2| 03| Co,4
A10|91,1|812|313| 314 b1,o b1,1 b1,2 b1,3 b1,4 C10/€1,1(C12]C13|C14
850|921 |822( 823|824 X bz,o b2,1 b2,2 b2,3 b2,4 = |C20(C21]C22|C23|C24

row3 |83(85183,|835|85, b3,o b3,1 b3,2 b3,3 b3,4 row 3 |C341C311C32|C33|C34
A40|941|842]%3|%4 b4,0 b4,1 b4,2 b4,3 b4,4 C40Ca1(C42|C43|Ca4
C3.1 = aS,O % b0,1 a3,1 X b1,1 a3,2 X b2,1 a3,3 X b3,1 aB,4 X b4,1

Matrix multiplication

e Fortwo n x n matrices A and B, the product C is another n x n matrix where each
element is obtained by multiplying elements of A row-wise with B column-wise,
adding up the individual products:

C,.*=
i3
C0,0 00!1 00!2 CO,n-1 aiﬁox bO,j + ai’1 X b1’j + ai’2 X bz,j + ...+ ai’n_1 X
c c c c Py 14
1,0 1,1 12 1,n-1

n-1

C2,0 C2,1 C2,2 CZ,n-1
i,j ’ 1!k k,j
Cn—1,0 c:n—1 1 Cn 1,2 Cn—1,n—1 / \ k= 0
row col




Matrix multiplication

e In Java, if we represent a matrix as a two-dimensional array, we can determine
the entries of the matrix AB using nested for loops in the following way:

int [] [] matrixA = new int [n] [n]; // A is an n-by-n matrix
int [] [] matrixB = new int [n] [n]; // B is another n-by-n matrix

int [1 [1 matrixC = new int [n] [n]; // C will hold the matrix product A * B
I
outer i-loop gets values 0, 1, ..., n- 1
int total = 0. for each i, inner j-loop gets

values 0, 1, ..., n- 1

for (int k = 0; k < n; k++) {
total += matrixA[i] [k] * matrixBIk] []; this code runs for every c; j matrix element
) ,

matrixC[i] [§] = total;

Matrix multiplication

e In Java, if we represent a matrix as a two-dimensional array, we can determine
the entries of the matrix AB using nested for loops in the following way:

int [] [] matrixA = new int [n] [n]; // A is an n-by-n matrix
int [] [] matrixB = new int [n] [n]; // B is another n-by-n matrix
int [] [] matrixC = new int [n] [n]; // C will hold the matrix product A * B

int total = 0;

. how many multiplications are
for (int k = 0; k.< 12 ) { . ) done for each elementc, .?
total += matrixAl[i] [k] * matrixBI[k] [j]; 1,7

} n multiplications

matrixC[lil [j] = total;




Matrix multiplication

In Java, if we represent a matrix as a two-dimensional array, we can determine
the entries of the matrix AB using nested for loops in the following way:

int []1 [] matrixA = new int [n] [n]; // A is an n-by-n matrix
int [] [] matrixB = new int [n] [n]; // B is another n-by-n matrix
int [] [] matrixC = new int [n] [n]; // C will hold the matrix product A * B
for (int i = 0; i < n; i++) {
for (int j = 0; 3 < n; j++) {
int total = 0;

how many multiplications are
for (int k = 0; k < n; k++) {
total += matrixAl[i] [k] * matrixBI[k] [J];
1

matrixC[i] [j] = total;

done for each element c; j?
n multiplications '

overall, how many
multiplications are required to
compute the final result?

nxn elmnts x n multiplications =
n x n x n = n® multiplications

General case of nested loops

Nested loops, both dependent on n: statements inside the inner loop will run
exactly n x n times:

for (int i = 0; i < n; i++) {
for (int j = 0; j < n; j++) {
// statements here are executed n”"2 times




General case of nested loops

e Nested loops, both dependent on n: statements inside the inner loop will run
exactly n x n times:

for (int i = 0; i < n; i++) {
for (int j = 0; j < n; j++) {
// statements here are executed n*2 times

}

e Three nested loops, all dependent on n: statements inside the innermost loop will
run exactly n x n x n times:

for (int i = 0; i < n; i++) {
for (int j = 0; j < n; j++) {
for (int k = 0; k < n; k++) {
// statements here are executed n”3 times
}

General case of nested loops

e \What if the outer loop is dependent on n and the inner loop runs a constant
number of times (here, only 3 times)?

for (int i = 0; i < n; di++) {

for (int j = O;j++) {
// statements N&re are executed ??? times




General case of nested loops

e What if the outer loop is dependent on n and the inner loop runs a constant
number of times (here, only 3 times)?

for (int i = 0; i < n; i++) {
for (int j = 0; 3 < 3; j++) {
// statements here are executed 3n times

}

n iterations of outer loop x 3 iterations of inner loop = 3n

General case of nested loops

e What if the outer loop is dependent on n and the inner loop is dependent on the
current value of i? i

3j exec?
for (int i = 0; i < npdx+) { 0 0 X
for (int j = O;j++) { 1 0 \/ 1 time
// statements I®Te are executed ??? times 1 1 )( +
\ } 2 0 Vv } o
2 1 v imes
2 2 X
3.0 v +
when i = 0, statements are executed 0 times 3 1 v 3 times
when i = 1, statements are executed 1 time 3 2 v
when i = 2, statements are executed 2 times 3 3 X
when i = 3, statements are executed 3 times 4 0 v +
when i = 4, statements are executed 4 times 4 1 Vv
4 2 v 4 times
how many total executions for a given value of n? 4 3 v
1+2+3+4+..+n-1=n(n-1)/2 4 4 X
5 0 V4




n? versus n(n-1) /2

Both loops dependent on n

for (int i = 0; i < n; i++) {
for (int j = 0; j < n; j++) {
/] ...

}

when i = 0, statements are executed n times
when i = 1, statements are executed n times
when i = 2, statements are executed n times
when i = 3, statements are executed n times

when i =n - 1, statements are excd n times

nxn=n? O(n?)

Outer loop dependent on n, inner loop
dependent on current value of i

for (int i = 0; i < n; i++) {
for (int j = 0; j < i; j++) {
//

}

when i = 0, statements are executed 0 times
when i = 1, statements are executed 1 times
when i = 2, statements are executed 2 times
when i = 3, statements are executed 3 times

when i =n - 1, statements are excd n - 1 times

nin-1)/2
n?/2-n/2 also O(n?)
Yen? - Van

n? versus n(n -1) /2

Both loops dependent on n

for (int 1 = 0; 1 < n; i++) {
for (int j = 0; j < n; j++) {
/] ...
}
: J

Outer loop dependent on n, inner loop
dependent on current value of i

for (int 1 = 0; 1 < n; i++) {
for (int j = 0; j < i; j++) {
/] ...

012345672829
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Sorting algorithms

Selection sort
Insertion sort
Bubble sort
Shell sort

private static int smallest ( 0 1 2 3 4
int[] arr, int lower, int upper
) 7 39 | 20 | 11| 16
int indexMin = lower;
for (int i = lower + 1; i <= upper; i++) {
if (arr[i] < arr[indexMin])

indexMin = i;
1
1

return indexMin;

}

public static void selectionSort (int[] arr)
for (int i = 0; i < arr.length - 1; i++) {
int j = smallest(arr, i, arr.length - 1);

swap (arr, i, j);




private static int smallest ( 0 1 2 3 4
int [] arr, int lower, int upper
) 7 39 1 20| 11| 16 5
int indexMin = lower;
for (int i1 = lower + 1; 1 <= upper; i++) { 5 39 20 11 16 7
if (arrl[i] < arr[indexMin])
indexMin = i; 5 7 20 11 16 39
1
} 5 7 11 | 20 | 16 | 39
} return indexMin; 5 7 11 16 20 39
public static void selectionSort (int[] arr) { 5 7 11 le6 20 39
for (int i = 0; i < arr.length - 1; i++) {
int j = smallest(arr, i, arr.length - 1);
swap (arr, i, j);
1
1
private static int smallest ( comparisons moves (swap is 3 moves)

int[] arr, int lower, int upper
) |
int indexMin = lower;
for (int i = lower + 1; i <= upper; i++) {
if (arr[i] < arr[indexMin])
indexMin = i;
1

}

return indexMin;

}

public static void selectionSort (int[] arr) {
for (int i = 0; i < arr.length - 1; i++) {
int j = smallest(arr, i, arr.length - 1);

swap (arr, i, j);

best case

worst case

average case

nin-1)/2

o(n?)

o(n?)

O(n?)

3(n-1)
O(n)

O(n)




] o[
public static void insertionSort (int[] arr) * oTnser
for (int i = 1; i1 < arr.length; i++) { 3 I:I
if (arr[i] < arr[i - 1]) {
int toInsert = arr[i];
int j = 1i; 1 2 3 4 5
do | 7 [39|20|11|16| 5
arr[j] = arrlj - 11;
j=3-1;
} while (
j > 0 &&
toInsert < arr([j - 1]
) 8
arr([j] = tolInsert;
}
1
1
T e[
public static void insertionSort (int[] arr) {
for (int i = 1; i < arr.length; i++) { j I:I
if (arr(i] < arr[i - 1]) {
int toInsert = arr[i];
int j = i; 0 1 2 3 4 5
do { 7 39 |1 20| 11| 16 5
arr[j] = arr[j - 11;
i=3-1; 7 20 | 39 | 11 | 16 5
} while (
>0 && 7 11 | 20 | 39 | 16 5
toInsert < arr[j - 1]
) 5 7 11|16 | 20 | 39 5
arr[j] = tolnsert; 5 7 11 16 20 39
}




public static void insertionSort (int[] arr) comparisons moves (swap is 3 moves)
for (int i = 1; i1 < arr.length; i++) {

if (arr[i] < arr[i - 1]) { ©
int toImsert = arr([i]; § n-1 0
int j = i; —
g om
do {
arr[j] = arrlj - 11;
j=3-1;
} while o
i >0 && § ) )
toInsert < arr[j - 1] = O(n ) O(n )
) ; o
=
arr([j] = tolInsert;
}
} ®
)
S o(n?) o(n?)
©
5
@®
public static void bubbleSort (int[] arr) ({
for (int i = arr.length - 1; i > 0; i--) { 0 1 2 3 4
for (int j = 0; J < i; J++) {
if (arr([j] > arr([j + 11) 7 39 20 11 16 5

swap (arr, j, j + 1);




public static void bubbleSort (int []
for (int i = arr.length - 1;
for (int j = 0; F < i; J++) {

if (arr[j] > arr([j + 1])

swap (arr, j, j + 1);

arr) {

i--)

i > 0;

39 20 11 16

20 11 39 16

5
5
20 39 11 16 5
5
5

20 11 16 39

20 11 16 5 39

11 20 16 5 39

11 16 20 5 39

11 16 5 20 39

11 5 16 20 39

(62 I RN BN B B B BV B BN A BN BEN B BEN A N ]

public static void bubbleSort (int[] arr) ({
for (int i = arr.length - 1; i > 0; i--) {
for (int j = 0; j < i; J++) {
if (arr([j] > arr([j + 11)
swap (arr, j, j + 1);

best case

worst case

average case

comparisons moves (swap is 3 moves)
nin-1)/2 0
o(n?)

(faster implementations
are possible)

o(n?) o(r?)

o(m?) O(m?)




public static void shellSort (int[] arr) ({
int incr = 1;
while (2 * incr <= arr.length)
incr = 2 * incr;
incr--;

incr; i1 < arr.length; i++)

while (incr >= 1)
for (int 1 =
[

if (arrli] < arr[i - incrl) {
int toInsert = arr[i];
int j = i;
while (
j > incr - 1 &&
toInsert < arr[j - incr]
) {
arr([j] = arr([j - incr];
j = 3Jj - incr;
arr[j] = tolImsert;

}

incr = incr / 2;

{

incr

toInsert

39

20

11

16

- L L

public static void shellSort (int[] arr)
int incr = 1;
while (2 * incr <= arr.length)
incr = 2 * incr;
incr--;

while (incr >= 1) {
for (int i = incr; i < arr.length; i++)
if (arr[i] < arr[i - incr])

int toInsert = arr[i];

int j = i;

while (
j > incr - 1 &&
toInsert < arr[j - incr]

) A
arr[j] = arr[j - incr];
j = j - incr;

1

arr[j] = tolInsert;

}

incr = incr / 2;

{

39

20

11

16

16

20

11

39

16

11

39

20

16

11

39

20

11

16

39

20
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11

16

20

39




public static void shellSort (int[] arr)
int incr 1;
while (2 * incr <= arr.length)
incr = 2 * incr;
incr--;

while (incr >= 1)
for (int i1 = incr; i < arr.length; i++)
if (arrli] < arr[i - incrl) {
int toInsert = arr[i];
int j = 1i;

while (
j > incr - 1 &&
toInsert < arr[j - incr]
) {
arr([j] = arr([j - incr];
j = 3Jj - incr;
}

arr[j] = tolImsert;

}

incr = incr / 2;

{

best case

worst case

average case

comparisons and moves

O(nlog n)

O(n1.5)

O(n1.5)




